Quantum isobaric process in coupled system and coupled quantum Brayton cycle 
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We consider the quantum isobaric process and quantum Brayton cycle for a composite system as working 
substance. The thermodynamics relations between the total system and the subsystem are studied. We can define 
two pressures for the working substance of the composite system, one corresponds to the external magnetic field 
(named F x ), the other conjugates to the coupling strength (named F y ), and as a consequence, we can define two 
types of quantum Brayton cycle for the composite system. We find that the subsystem also experiences a 
quantum Brayton cycle in the case of cycle based on Fx, whereas the subsystem is a quantum Otto cycle for the 
cycle based on F y . The efficiency for the composite system equals to the one for the subsystem in both cases. 
However the work done by the total system are usually larger than the sum of the two subsystems. Another 
interesting result is that for the cycle based on F v , the subsystem can be a refrigerator while the total system is 
a heat engine under proper condition. 

PACS numbers: 05.70.-a, 07.20.Pe, 03.65.-w, 51.30.+i 
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I. INTRODUCTION 

It is well know that there are four basic thermodynam- 
ics processes in classical thermodynamics: adiabatic process, 
isothermal process, isochoric process and isobaric process. 
These four processes correspond entropy, temperature, vol- 
ume and pressure unchanged. The quantum mechanics gener- 
alization for these concept is a meaningful work. The discov- 
ery of the quantum adiabatic theorem brings the adiabat 
to quantum region. In recent paper, isothermal and isochoric 
processes are clarified in quantum case lUlSl]. According to 
these generalizations and the quantum version of the first law 
of thermodynamics, the quantum Carnot cycle and quantum 
Otto cycle can be discussed IHIH]. Several years later, the last 
concept, quantum isobaric process, is then defined [7] and all 
kinds of thermodynamics cycles such as Brayton cycle and 
Diesel cycle |8|, |9J] can be studied in quantum domain. The 
studies of quantum thermodynamics cycle Il0l4l5ll are usually 
focused on whether it can surpass the classical limit on the ef- 
ficiency and work done during a cycle flRj [l6ll and how to 
better the work extraction during a cycle [17]. For example, it 
is reported that one can extract work from a single heat bath 
via vanishing quantum coherence fl^l and the efficiency of a 
quantum heat engine can be higher than the classical one due 
to the effect of squeezed heat bath 1181 . These studies can 
better our understanding of the fundamental concept for ther- 
modynamics, statistical mechanics and quantum mechanics. 
It brings new insights to basicproblems in quantum mechan- 
ics and thermodynamics [ 19, 20]. 

Recently, coupled quantum system as working substance 
becomes an interesting topic. Several work have been done 
in the case of quantum Otto cycle I21I - I24I1 . On the one hand, 



the effects of quantum entanglement on the basic thermody- 
namics quantities during a cycle are studied and it is shown 
that the second law of thermodynamics holds in such models 
j2ll - l23ll . On the other hand, the effect of coupling on the cy- 
cle is also an attractive problem B2411 . An interesting result in 
a coupled quantum Otto cycle is that in certain case the total 
coupled system absorbs heat from hot bath and release heat to 
cold bath whereas the local system absorbs heat at cold bath 
and releases heat at hot bath while performing a net work Q24J] . 
In this paper, motivated by these work, we study the effects of 
coupling on the isobaric process and quantum Brayton cycle. 
A coupled spins system is taken as working substance, the re- 
lation between the total system and the local system during the 
cycle is studied and several interesting results are obtained. 

This paper is organized as follows. In SecHU we first give a 
brief introduction about the pressure in quantum-mechanical 
system and quantum Brayton cycle. Based on a single spin 
in external magnetic field, the main properties of the Brayton 
cycle are presented. In SecJTTT] the detailed analysis for the 
quantum isobaric process and Brayton cycle with coupled sys- 
tem as work substance is performed. Conclusions are given in 
Sec|IV] 



U. QUANTUM ISOBARIC PROCESS AND QUANTUM 
BRAYTON CYCLE FOR SPIN-1 /2 SYSTEM IN AN 
EXTERNAL MAGNETIC FIELD 

In this paper, the concept of pressure in quantum- 
mechanical system is based on the definition given in Ref.|7] 
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where L is the generalized coordinate of the system. This 
definition is derived from the quantum version of the first 
law of thermodynamics dU = J2 n Endp n + Yl n VndE n = 



2 




tropy of the system is 



FIG. 1 : Force-displacement F-L diagram of a quantum Brayton cycle 
based on spin systems. 



dQ + dW = TdS + J2 n Yndy n and an analogy of classi- 
cal relation between generalized force and generalized coor- 
dinate as Y n = — where T and S refer to temperature 
and thermodynamics entropy, Y n is the generalized force and 
y n is its conjugate generalized coordinate (dy n can be seen 
as the generalized displacement). We should mention that for 
a one dimensional system, the generalized force is the same 
as pressure. We first consider a spin-1/2 system in an exter- 
nal magnetic field as work substance. The Hamiltonian of the 
work substance can be written as H = \Bg z . For a system 
at thermal equilibrium, choosing the inverse of the magnetic 
field as the generalized coordinate L = we can calculate 
the generalized force for such a system according to Eq.(Q} as 



F 



2L 2 : 



(2) 



where (3 — 1 /kT, T is the temperature of the system and k is 
the Boltzmann constant. Then a quantum isobaric process can 
be defined as a process with a constant force F, which can be 
realized by controlling the temperature T (or /J) and magnetic 
field B (or L) according to Eq.©. We should note that the 
formula of the pressure for different systems are usually dif- 
ferent because we do not have a unique equation of state for 
quantum-mechanical system. This can also been verified in 
SecHm 

A quantum Brayton cycle is a quantum generalization of 
the classical Brayton cycle JEl^l, which consists two quan- 
tum adiabatic processes and two quantum isobaric processes 
(see FigJT}. Starting from point A, the four stages of a cycle 
can be depicted as follows: Stage 1: A — > B is an isobaric 
process, in which the generalized force keeps F\. The system 
absorbs heat from the environment and some work is done on 
the system. In order to ensure the heat is absorbed from the 
environment, we should have Lb < La- Stage 2: B — » C 
is an adiabatic process, where only some work is done by the 
system. Stage 3: C — > D is almost an inverse process of 
stage 1 that the generalized force is replaced by Fq. Stage 4: 
D — >• A is another adiabatic process. In the isobaric process 
the generalized force keeps as constant while in the quantum 
adiabatic process the entropy of the system is fixed. The en- 
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Hence in the quantum adiabatic process we have TL=const 
(or / 9/L=const). Based on this fact, we can get a further equa- 
tion in quantum adiabatic process from Eq.© as 



FL Z 



const. 



On the other hand, the internal energy of the system is 
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Comparing it with Eq.® we find FL = U. Using these two 
relations, the basic thermodynamics quantities such as heat 
transfer, net work done by the system and efficiency during 
the cycle can be obtained as follows 
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F 1 dL = 2F 1 (L B ~L A ), 



Qcd = 2F {Lc~L D ), 
W = Qab - Qcd, 




We can see from this equation that the system absorbs heat 
in the process A — > B and releases heat in the process 
C —> D. The efficiency is consistent to the classical re- 
sult rj = 1 — ( Jf ) 1 ~ 1 / 7 , where 7 is the adiabatic exponent. 
In this model, we have shown that in the adiabatic process 
TL=const. Comparing with TL 7_1 =const for the adiabatic 
process, the adiabatic exponent is 7 = 2. These result can also 
be confirmed for the coupled system as working substance. 



III. QUANTUM ISOBARIC PROCESS AND QUANTUM 
BRAYTON CYCLE FOR COUPLED SPIN-1/2 SYSTEM 

The main purpose of this paper is to study of the quantum 
isobaric process and quantum Brayton cycle for the coupled 
system as work substance and consider the effect of coupling 
on the cycle. The Hamiltonian of the working substance under 
consideration is 
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where J is the coupling constant between the spins. J > 
and J < correspond to the antiferromagnetic and the fer- 
romagnetic case respectively. Here we only consider the an- 
tiferromagnetic case, i.e., J > 0. The four eigenvalues and 
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corresponding eigenstates can be easily obtained as 
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There are two independent parameters in the Hamiltonian, and 
hence we need two generalized coordinates to describe the 
system. Choosing X = 1/B and Y = 1/J as the gener- 
alized coordinates, we can define two generalized forces (or 
pressures) corresponding to X and Y respectively as 



F x = 



F„ 



sinh y 



x 

X 2 (cosh4 + cosh I)' 
sinh y 
"y 2 (cosh 4 +coshf-)' 
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The quantum isobaric process for this system means either F x 
or F y is fixed. As a result, we will discuss these two different 
cases respectively. The expression for the entropy is too com- 
plex, and we do not give it here, however, according to the 
invariance of entropy in quantum adiabatic process, we have 



XT = const, YT = const. 
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This means that all the energy-level spacings of the work sub- 
stance change by the same ratio. If we add another restriction 
which we have adopted in Sec|n]that this ratio equals to the 
ratio of the temperatures of the two baths just before and after 
the adiabatic processes, the cycle is reversible. Hence the dis- 
cussion in this paper focuses on the reversible quantum Bray- 
ton cycle. The internal energy of the system can be written 
as 
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Y sinh £ + X sinh | 
XK(cosh4 + cosh |) 



= F X X 
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which is very useful in the following discussions. We should 
also note that in the following discussion, we consider the re- 
lation between the total system and local system during the 
cycle. Here, in both cases, the symbol Fi oc or the concept of 
local force, is the force corresponding to the local magnetic 
field B for on of the subsystems. 



A. Fixed F x 

We first consider the relation between the composite system 
and subsystem in quantum isobaric process when the general- 
ized force F x is fixed. In this process, the generalized coor- 
dinate and the temperature are controlled according to Eq.® 
such that F x is a constant with the generalized coordinate Y 
as another constant. We will proof that both of the subsystems 
undergo an isobaric process when the generalized force F x is 



fixed and the generalized force for the subsystems equals to 
\F X . As a consequence, the cycle for the subsystem is also 
quantum Brayton cycle. 

Proof : the state of the composite system is a thermal equi- 
librium state which can be easily obtained as 
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jfi), and T is the temperature of the 
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composite system, 
tion of the system. For the reduced system, we can get the 
reduced state by tracing out the other subsystem as 



Y^, n exp(— H^) is the partition func- 
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This state can be seen as an equilibrium state with a local ef- 
fective temperature /3\ oc (or Xi oc ) as 
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Pi + \ ij>2 +P3) 



(14) 



According to the definition of generalized force for a single 
spin in Secjlll we arrive 



^oc = -^tanh(^). 



(15) 



By virtue of the formula tanh(i \nx) — |xj and the defini- 
tion for F x (Eq.®) we have 



sinh ^ 1 
l0C = ~ 2X 2 (cosh 4 + cosh f) = 2 x 
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This result shows that if the composite system keeps the gen- 
eralized force F x unchanged, the generalized force for sub- 
system are also invariable and it equals to \F X . 

In the following, we consider the quantum Brayton cycle 
based on the coupled system when F x is fixed. Similar to the 
case for a single spin, we decreases X in stage 1 and adjust the 
temperature T so that F x \ keeps unchanged. Moreover, the 
parameters Y\ , which is the inverse of the coupling constant, is 
also invariable in this stage. In the adiabatic process, Eq.lfTOt 
should be satisfied so that the cycle is reversible. After this 
stage, the parameter becomes Yq and in stage 3 it keeps as a 
constant. The force in stage 3 is F x q. The heat absorbed by 
the system during the stage 1 is 
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2F xl (X B - X A ) + (F yB - F yA )Y 1 . 



F xl dX 



(17) 



We can see from the above expression that Qab depends not 
only on the force F x but also on the force F y and the cou- 
pling constant. This means that the interaction between the 
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(a) 

-F x1 =-0.7616 
- F x1 =-0.2449 
-F =-0.1244 




FIG. 2: Efficiency and net work done by the coupled system as a 
function of J/B at point A when (a) initial pressure F x i (b) initial 
temperature kT a is fixed. Other parameters in the figure are F x o ~ 

1 p Xa Xd 

Z** 1 ' X B - X C - °- 



two spins has a strong effect on the cycle. Similarly, we can 
calculate the heat released to environment in stage 3 as 



!CD 



2F x0 (X c - X D ) + {F yC - F yD )Y a . 
Hence the efficiency of the cycle can be expressed as 

QcD 
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The detailed derivation about the above equation is given in 
appendix [A] This result is the same to the single spin case. 
After the same procedure as given in SecJTTJ we can get the 
efficiency for the subsystem as 



= 1 - 
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loci I 
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F x q 
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(20) 



This equation shows that the efficiency for the composite sys- 
tem as working substance is the same to the one for its sub- 
system. The net work done by the composite system is 



W 



[2Fxi(X B 

+ [(FyB 



X A )-2F x0 {X c 
F yA )Y 1 - (F yC - 



-x D )\ 

F yD )Y }. (21) 



The first [•] on the right hand side can be seen as the sum 
of the work done by the two subsystem while the second [•] 
comes from the effects of interaction between the two subsys- 
tem. Due to the positivity of this term, we have W > 2Wi oc , 
i.e., the total work performed is larger than the sum of work 
obtained from the two spins locally. Numerical examples for 
this result is shown in Figf2] From the figure we confirm that 
the coupling can increase the net work done by the system 
during a cycle although the efficiency does not been improved. 
When J — 0, W/Wi oc — 2 in all cases, as expected. Another 
point to be explained is that in Figf2j some lines are interrup- 
tive. This is because that when the absolute value of F x \ is 
larger, the possible region for the coupling constant is smaller. 



B. Fixed F y 

Similar to the discussion given above, an isobaric process 
that F y is fixed means one should carefully control the coor- 
dinate Y and temperature T such that F y is a constant with X 




JIB 



FIG. 3: The local heat exchange Qi and Q2 and the local work Wi oc 
(in units of B) as a function of J / B. Here the initial temperature 
kT a = 0.5B. Other parameters are F y0 = \F y i, ^ = |g- = 3. 



as another constant. It can be easily verified that during this 
process, the pressure for the subsystem is not fixed, i.e., the 
process for the subsystem is not an isobaric process. However, 
when we control the coordinate Y for the composite system, 
the local Hamiltonian for the subsystem does not vary and 
local energy levels keep as constants. As a result, the sub- 
systems undergo quantum isochoric process when F y is fixed, 
and a quantum Brayton cycle based on F y for the composite 
system corresponds to a quantum Otto cycle for the subsys- 
tem. 

After some calculation which is similar to Sec lHI Al we ob- 
tain the efficiency of the cycle for the composite system as 



Vy 




(22) 



The efficiency for the subsystem can be obtained according to 
the efficiency of quantum Otto cycle as 



= 1-* 
X 




(23) 



This result tells us that the efficiency for the composite sys- 
tem during a quantum Brayton cycle based on F y equals to 
the one for the subsystem during a quantum Otto cycle. The 
precondition for this conclusion is that the subsystem is a Otto 
heat engine. We should note that when initial temperature is 
small enough and the coupling constant is large enough, the 
work done by the subsystem can be negative. In this case, the 
subsystem is a refrigerator while the total system is a heat en- 
gine. Numerical examples are given in Figj3] In this figure 
we calculate the heat exchange Qi in stage 1 and Q2 in stage 
3 for the subsystem. Here Qi > and Qi < (i = 1,2) 
correspond to absorption and release of heat, Wi oc is the local 
work. From the figure we see that when initial J/ B at point A 
is larger than a certain value, Qi < 0, Q2 > and Wioc < 0. 
This indicates that the subsystem is a refrigerator, it releases 
heat when the composite system absorbs heat in stage 1 and 
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vice versa in stage 3. The main reason for this phenomenon 
comes from the strange property for the eigenstate of the 
system. In the strong coupling region, the ground state of the 
system is ^3). However, the reduced state for this state is 
PA(b) = \h, which can be seen as an equilibrium state at 
local effective temperature T\ oc = 00. Here I2 is a 2 x 2 
unit matrix. Hence in stage 1, the globe temperature increases 
while the local temperature decreases when the globe temper- 
ature is low enough and the coupling constant is large enough. 
Hence the subsystem releases heat in stage 1 and inversely in 
stage 3. As a result the local cycle is a refrigeration cycle. 



IV. CONCLUSION 

In summary, we have studied the quantum isobaric process 
and quantum Brayton cycle in which coupled spins system is 
taken as working substance. The concept of force or pressure 
in quantum system is derived from the quantum version of the 
first law of thermodynamics and an analogy of classical re- 
lation between generalized force and generalized coordinate, 
which is first proposed in Ref.[7]. A quantum Brayton cycle 
consists of two quantum adiabatic processes and two quan- 
tum isobaric processes. There are two generalized coordinates 
in the system, i.e., the local external magnetic field and the 
coupling strength, therefore we can define two pressures re- 
spectively and construct two types of quantum Brayton cycle. 
We find that in quantum Brayton cycle based on the pressure 
corresponding to the external field, the subsystem undergo a 
quantum Brayton cycle with pressure half of the total system, 
while in the cycle based on the force conjugating to the cou- 
pling strength, the subsystem experiences a quantum Otto cy- 
cle. The efficiency for the coupled system in the two cycles 
are equal to the one for the subsystem, which is formally con- 
sistent to the classical result. However the net work done by 
the total system are usually more than the sum of subsystems. 
Moreover, when the initial temperature and initial coupling 
strength are chosen properly, an interesting phenomenon can 
be observed in the Brayton cycle based on the force corre- 
sponding to coupling constant that the total system performed 
as heat engine while the local spins serve as a refrigerator. 
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Appendix A: The derivation of r\ for the coupled system when 
F x is fixed. 



First, from expression of F x in Eq.® and the condition for 
adiabatic process in Eq.dTOb. we have 



FrX- = const 



(Al) 



As a result, one can construct the relation during the two adi- 
abatic processes as 



p -y-2 v2 

f rO _ ^-B _ A A 

T? ~ F2 — v2 ' 
J?xl Si~c D 

In the similar manner, for the force F y we obtain 



and 



F y Y z = const 



Y i _ ^y£_ _ F yD 
Yq F yB F y A 



(A2) 



(A3) 



(A4) 



Moreover, based on ^ = const in the adiabatic process, we 



have 



Y l= X a = Xb 
Y Xd Xc 



(A5) 



Combine Eqs. (lA21 >. (1A41 > and (1A51 >. we obtain a complete ratio 
relation for the whole cycle as 

Y l _ _ X B_ _ ^0 _ Fy£_ _ F yD 

Y X D X C F xl F yB F yA 

Using this equation we can obtain Eq.dT9b. In a similar way 
Eq.d22Ti can be obtained. 
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